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Abstract. In this paper, we give some interesting identities of higher-order 
Bernoulli, Frobenius-Euler and Euler polynomials arising from umbral calcu- 
lus. From our method of this paper, we can derive many interesting identities 
of special polynomials. 



1. Introduction 

For a E R, the Bernoulli polynomials of order a are defined by the generating 
function to be 

f \ a °° fTl 

' 3* t = E B ^H ) (see [1,7,8,12,17,18]). (1.1) 

71 = 



e* - 1 



In the special case, x = 0, B„ (0) = B n °^ are called the n-th Bernoulli number of 
order a. By we easily get 



BW(x)=(flW+») = £ > 



n > "(«)_n-i 



I 



with the usual convention about replacing {B^) n by l?i Q \ 

As is well known, the Euler polynomials of order a are also defined by the 
generating function to be 

— - = J] 4 Q) (x)-y, (see [11,12,13]). (1.2) 

7 n— 

In the special case, x — 0, (0) = i% are called the n-th Euler numbers of 
order a. From (11.21) , we note that 



E ( n a) (x) = J2 ( n ?)E^x n -\ (see [1-18]). 



For A E C with A ^ 1, the Frobenius-Euler polynomials of order a are defined by 
the generating function to be 



1 - A 

e 



00 ±n 

xt = V fl-W(a:|A)-r, (see [1,9,10,16]). (1.3) 

* — * r».i 
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In the special case, x = 0, Hn (0| A) = H^\\) are called n-th Frobenius-Euler 
numbers of order a. By (|1.3|l . we get 



H^(x\X) = ^2^ l jH l (X)x n - 1 , (see [1,9,10,16]). 

Let P be the algebra of polynomials in the variable x over C and let P* be the 
vector space of all linear functionals on P. The action of the linear functional L on 
a polynomial p(x) is denoted by (L\p(x)). We recall that the vector space on P* 
are defined by (L + M\p(x)) — (L\p(x)) + (M\p(x)), (cL\p(x)) — c (L\p(x)), where 
c is a complex constant. 
Let 



l fc=0 



a k G C }. (1.4) 



For f(t) G we define a linear functional on P by setting 

(f(t)\x n ) = a n , for all n > 0, (see [13,15]). (1.5) 
From (Ti~4|) and ([L~5j) . we note that 

= n!<5„, fc , (n, k > 0), (see [13,15]), (1.6) 
where S n ^ is the Kronecker symbol. 

For f L (t) = j:Zo we have (h(t)\x n ) = (L\x n ). So the map L »-> f L (t) 

is a vector space isomorphism from P* onto T . Henceforth, T is thought of as both 
a formal power series and a linear functional. We shall call T the umbral algebra. 
The umbral calculus is the study of umbral algebra. 

The order o(f(t)) of the non-zero power series f(t) is the smallest integer k for 
which the coefficient of t k does not vanish (see [13]). If o(f(t)) = 1, then f(t) is 
called a delta series. If o(/(<)) = 0, then f(t) is called an invertible series (see |15|). 
Let o(/(t)) = 1 and o(g(i)) = 0. Then there exists a unique sequence S n (x) of 
polynomials such that (g(t)f(t) k \S n (x)) = n\8 n ^ (n,k > 0). The sequence S n (x) 
is called Sheffer sequence for (g(t),f(t)), which is denoted by S n (x) ~ (g(t),f(t)) 
(see [El [H]). Let /(i) e J 7 and p(x) £ P. Then, by (fL6]), we easily see that 
(e«\p(x)) = P (y), (f(t)g(t)\p(x)) = (f(t)\g(t)p(x)) = (g(t)\ f(t)p(x)). 

For f(t) £ T and p(x) G P, we have 

/(*) = E ^|^* fe , - E (see [13,15]). (1.7) 

fc=0 ' fe=0 

By (|1.7I) . we easily get 



P ^(0) = (t k \p(x)), (l|pW(x))=pW(0). (1.8) 
From (11.81) . we have 



''>(•'■) =y/'"(./) = ^^, (A- :0!. (s.v [1 .">.•)] ). ( 1.9) 



For S n (x) ~ (g(t), f(t)), the generating function of Sheffer sequence 5„(x) is 
given by 

' jim Sk (y^ 



-e" 



9(f(t)) to kl 



J2^t k , for all y G C, (1.10) 
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where f(t) is the compositional inverse of f(t) (see [15] )■ Let us assume that 

S„(a:)~(l,/(t)), t n {x)~{l,g{t)). (1.11) 

Then, we note that 

S n {x) = x (^^j x-H n {x), (see [13,15]). (1.12) 

By (|1.6p . we easily see that x n ~ (l,i). 

In this paper, we give some interesting identities of higher-order Bernoulli, Frobenius- 
Euler and Euler polynomials involving multiple power and alternating sums which 
are derived from umbral calculus. By using our methods of this paper, we can 
obtain many interesting identities of special polynomials. 



2. HlGHER-ORDER BERNOULLI, FROBENIUS-EULER AND EULER POLYNOMIALS 

Let S n (x) ~ (g(t),f(t)). Then we see that 

g(t)S n (x)~(l,f(t)). (2.1) 
From (fLl"2) . (|2~T1) and x n ~ (l,t), we note that 

s » w =ir(M)*""'- (2 - 2) 

The equation ()2.2[) is important to derive our results in this paper. From (11. lj) . 
(|1.2j) . (|1.3|) and (| 1 . 10[) . we can derive the following lemma: 



Lemma 2.1. For n > 0, m £ N, we /lave 



Let us consider the following Sheffer sequences: 

S n (x) ~ (l, ^) , i„(*) ~ (l, . (2.3) 



From ()2.2j) . we have 

(t _ i \ ™ 00 i 

^— ^=1$]^ S 2 {l + n,n)t l x n - x 
t J ^ + 

n— 1 fn— 1\ 

^ETFf^^a + n.nK- 1 -' (2.4) 
i=0 In/ 
n— 1 /n— 1\ 



=2; E /2n-l-r> ) ' 5l 2(2n - 1 - T, n)x r , 
r=0 V n / 



4 



TAEKYUN KIM 1 AND DAE SAN KIM 2 



and 



mt -l\" „ 1 n! 



tJx) =x x n - 1 = iV „ ' ,, S 2 (l + n,n)m l+n t l x n ' 1 

\ t J ^ (l + n)\ y 

n—X | 

=;c E77T 1 l? S 2(( + n ) nK+ i (n-lK- 1 - 1 
£S(/ + n)! 

n— 1 /n— 1\ 



n— 1 /n— 1 
n— 1 /n— 1 



(2.5) 



(71- 1\ 

* E / 2 n-i- n S 2(2n - 1 - r, nW^^x^ 



where S2(n, k) is the Stirling number of the second kind. 
For n > 1, by (TET21 and (|231) . we get 



/ e mt_ 1 \« / m \ n 

i„(z) =x y et _ 1 J x^Snix) = x I e-*2je ; M x^S^x) 

Y ( n )e^+ 2 ^+-+ mv ^ t x- 1 S n (x) 



~. —Tit 

=xe 



< ui, ■ • • ,v m < n 
«! + ••• + w m = n 

oo ( s 



-a EC (-»r* E ' " 



< < n 



s=0 I. fc=0 

«! + •••+ v m = n 



t s 

x (vi + 2v2 H h m?j m ) fc ^y f- x _1 5„(x). 



(2.6) 



Let us define multiple power sum Sjj 1 (m) as follows: 

4"V)= E ( " W + 2u 2 + --- + rnu m )'\ (2.7) 



< ui, . . . , v m < n 
V\ + ■ ■ ■ + v rn = n 



Vl,...,V„ 



By p3|) . (E6J and pTf) . we get 



OO S 



t n (x) =*EE [ S k )(-nr- k Si n \rn)^x-'S n (o 



s=0 k=0 

n—1 r s /r\ (n — 1\ (s 

-X 

r=0 s=0 k=0 V n 



E E E Q£W(-n) S - k S 2 (2n -l-r, r^VK" 



(2.8) 
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From (|1.12|) and (|2.3[) . we can also derive 

/ e mt - 1 \ n ( e mt - 1 \ n ( t \ n 
t n (x) =x f t _i ) x S n (x) = xl J [ t _ 1 J x 1 S n (x) 

nt_|\« t 71 - 1 ) 

-T 1 ) Y.7^ S S 2 {2n-l-r,n)B^{ X ) (2 . 9) 

' r=0 \ n ) 
n—l r (r\/'n— 1\ 

=*E E (s+n^-L^ s + n,n)S 2 (2n - 1 - r,n)m^'B^ a (x). 

r=0 s=Q \ n ) \ n I 

Therefore, by (|2.8|l and (|2.9j) . we obtain the following theorem. 
Theorem 2.2. For n > 1, we have 

n—l r s f r \ In— 1\ fs\ 

EEE U l-\lX k) (-ny- k S 2 (2n - 1 - P> ntf(m)^ 

r=0 s=0 fc=0 \ n / 
n—l r /r\ /n— IN 

= E E ( s+:!L r -L^ 2(s + n, n)S 2 {2n - 1 - r, ri) m nJrS B^} a (x) . 

r=0 s=0 ' n A n ) 

Let us consider the following Sheffer sequences: 

S n (x) ~ (1, e l - 1) , t n (x) ~ (1, e m * - 1) , (2.10) 

where m £ N and n > 0. 
For n > 1, by (j2~2j) . we get 



S„(x) = x ^ = 4-'^). 



(2.11) 



and 

^) = ^(^n) n ^" 1 - ( 2 - 12 ) 

By Lemma [2~T1 and (|2.12l) . we get 

t n (x) = iflW (^) . (2.13) 

From (|1.12|) and (|2.10[) . we can derive 

/ e mt _ " / ™ \ " _ 

5„(x) =x y - t - - j x _1 i„(x) = x [ e"' 2^e'* J x _1 t„(x) 

OO S / \ s 

s=0 fc=0 v 7 

-£i:(:)C; 1 )(-"»*^ > ('"' B S-.(s)"'"--' 

s=Q k=0 V 7 V 7 

Theorem 2.3. For n,m> 1, we /iai>e 
n—l i" s /r\ In— 1\ fs\ 
= E E E [s 2 \lJ\ k) (-ny- k S 2 (2n - 1 - r, n)s£V)*~- 

r=0 s=0 fc=0 \ n / 
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Let us assume that 

S n (x) ~ (l,t (^)) - *»(*) ~ (l, ( f ^^ ti ) ' ) ■ C-M-'.) 
where n > and m e N with m = 1 (mod 2). By (|2.2I) . we get 



2 



and 



From Lemma 12.11 and (|2.17p , we note that 

t„(x) = m"- 1 ^! (^) . (2.18) 

By (fLT2l and (I2TT5)) . we see that 
S n (x) 



=x 



yj a;- 1 t„(a:)=s(-e-*53(-e t ) , J X -H n (x) 



< ui , . . . , u m < n 
vi H 1- « m = n 

X ( — l) 1 'i+ 2t ' 2 ^ 1 hmu me ("Ui+2t>2H \-rnv m )t x ~l^ 



=(-ir--- x; e 

fc=oV 0<«i,...,«m<n 



«i H ho m = n 



x ( _ iri + 2t , 2+ ...+ m , m (ui + + . . . + mVm) k ^ t_ x - Hn{x y 
Let us define multiple alternating power sums T^ l \m) as follows: 



n 

vi, . . . ,v m 



(2.19) 



TjT\m)= £ 

< ui, . . . ,v m < n 
V\ H hw m =n 

X (_1)"i+2^+-+rm, m ( Wl + 2U2 + ■ • ■ + TO Um ) fc . 

By (j2~T9l) and (12^20)) . we get 

*„(*) =(-i)^EE (Ijm-^mU- 1 ^ (£) 

s=0 fc=0 ^ ' 

■K-D-.Et (J) ^V.r'TfVK-'e',-, (£) 



(2.20) 



s=0 fc=0 



(2.21) 

Therefore, by (|2.16p and (|2.2ip . we obtain the following theorem. 
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Theorem 2.4. For n, m > 1 with to = 1 (mod 2), we have 



n—1 s , \ 

4- ) i(») = (-i) n EEu) 

s=0 fc=0 ^ ' 



s\ /n—l 

s 



(-n) s - fc T^ ) (m)m n - s - 1 £; (n) 



Tl — 1 — S 



Let us consider the following Sheffer sequences: 



S n (x) ~ [l,t 



, f„(x) ~ ( 1, * 



i — x J J v V 1 - A '' 

where to e N and A e C with A ^ 0, A m ^ 1. By $T2$), we get 



*Sn (^) — # 



1-A\ n 



e* - A 



= xH^ ) 1 ( a; |A) 1 



and 



1 - A'' 



From Lemma 12.11 and (|2.24[) , we have 

t n {x)=m n - 1 xH^\ (- A™) 
Vto / 

By fTT2) and (l^22|) . we get 





- A 


(n 


- A m 




-A 




- A m 




-A 




- A m 


1- 


M 



e* - A 



a; ^(x) 



A v — "s / e z 



^-"($E(x) J 



\ mn xe 



E 

< v i , . . . , v m < n 

«!+••• + U m = W 



. . . ,«n 



^— (ui+2i> 2 H hmti m ) e (v!+2v 2 ^ \-mv m )t x — 1^ ^ 



1 i \ n oo s 



1 - A r 



s=0 fc=0 



( ;)(-»r* E 

< «i, . . . , v m < n 
«l H Yv m = n 



(") 



(2.22) 



(2.23) 



(2.24) 



(2.25) 



n 

Ul , . . . , «n 



A _ (t!1+2t , 2+ ... +mt)m)(ui + 2u2 + . . . + mVm )^ m n-i H M ( £ a™) 

s! Vto / 



(2.26) 



s 



TAEKYUN KIM 1 AND DAE SAN KIM 2 



Let us define A-analogue of multiple power sums S^ l \m\X) as follows: 



S^(m\X) = 



n 

Vl,...,V m 



E 

< vi, . . . ,v m < n 
«! + ••• + v m = n 

x X -{v 1+ 2v a + -+mv m )( Vi +2v2 

From (ET2H)) and (|2~2"71) . we have 

n — l s 

\ mn x E 



(2.27) 



S n (x) = 



1 - A 



1 - A m 

1 - A 
1 - A" 1 

n — 1 
s 



s=0 k=0 
n—l s 



(-ny- k S^\m\\) t lm"- 1 HM 1 (£|a™) 



A r ' 



x 



s=0 fc=0 



EE 

k=0 

in) , ^ 

Vm 



(-n)- fc ^ n) (m|A) 



A" 



(2.28) 



Therefore, by (|2.23p and (|2.28l) . we obtain the following theorem. 
Theorem 2.5. For m, n > 1, A € C wit/i A ^ 0, A m ^ 1 , we /ia?;e 



1 - A 



1 _ \m I X 1^1^ 

x^(m|A)^_\_ s (^|A 



n—l 
s 



{-n) 



s - k m n - l - s 



[■i. 
[5 

[6. 

p: 

[9 

[io; 



in 

[12. 



m i 
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